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4.2 | Acceleration Vector

Learning Objectives

By the end of this section, you will be able to:

* Calculate the acceleration vector given the velocity function in unit vector notation.
* Describe the motion of a particle with a constant acceleration in three dimensions.

* Use the one-dimensional motion equations along perpendicular axes to solve a problem in two
or three dimensions with a constant acceleration.

* Express the acceleration in unit vector notation.

Instantaneous Acceleration

In addition to obtaining the displacement and velocity vectors of an object in motion, we often want to know its acceleration
vector at any point in time along its trajectory. This acceleration vector is the instantaneous acceleration and it can be
obtained from the derivative with respect to time of the velocity function, as we have seen in a previous chapter. The only
difference in two or three dimensions is that these are now vector quantities. Taking the derivative with respect to time

Y (1), we find

- - -
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The acceleration in terms of components is
> _dvih AL dv (O] (4.9)
a (1) = I 1+ o Jj+ e k.

Also, since the velocity is the derivative of the position function, we can write the acceleration in terms of the second
derivative of the position function:

2 A 2 A 2 A 4.10
xn} , d yy)j L0p (4.10)

—
a (1) =
dr? dt dr?

Example 4.4

Finding an Acceleration Vector

N A A
A particle has a velocity of V() =50t + 1? i- 2.01% kmys. (a) What is the acceleration function? (b)

What is the acceleration vector at t = 2.0 s? Find its magnitude and direction.
Solution
(a) We take the first derivative with respect to time of the velocity function to find the acceleration. The derivative

is taken component by component:

— A A A
a (=501 +2.0¢j —6.0:> km/s>.
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A A A
(b) Evaluating a (2.0s)=50i +4.0 Jj- 24.0km/s? gives us the direction in unit vector notation. The

magnitude of the acceleration is | a 2.0 s)| = W/S.O2 +4.0% + (—24.0)2 =24.8m/s>.

Significance

In this example we find that acceleration has a time dependence and is changing throughout the motion. Let’s
consider a different velocity function for the particle.

Example 4.5

Finding a Particle Acceleration

A} A A
A particle has a position function T ) =(10r— tz) i +5¢j + 5tkm. (a) What is the velocity? (b) What is
the acceleration? (c) Describe the motion from t = 0 s.
Strategy

We can gain some insight into the problem by looking at the position function. It is linear in y and z, so we know
the acceleration in these directions is zero when we take the second derivative. Also, note that the position in the
x direction is zero fort=0sand t =10 s.

Solution

(a) Taking the derivative with respect to time of the position function, we find

A A

N
V(@O =010-20)i+5j +5k m/s.

The velocity function is linear in time in the x direction and is constant in the y and z directions.

(b) Taking the derivative of the velocity function, we find
N A
a (H)=-2i m/s%

The acceleration vector is a constant in the negative x-direction.

(c) The trajectory of the particle can be seen in Figure 4.9. Let’s look in the y and z directions first. The particle’s
position increases steadily as a function of time with a constant velocity in these directions. In the x direction,
however, the particle follows a path in positive x until ¢t = 5 s, when it reverses direction. We know this from
looking at the velocity function, which becomes zero at this time and negative thereafter. We also know this
because the acceleration is negative and constant—meaning, the particle is decelerating, or accelerating in the
negative direction. The particle’s position reaches 25 m, where it then reverses direction and begins to accelerate
in the negative x direction. The position reaches zero at t = 10 s.
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Figure 4.9 The particle starts at point (x, y, z) = (0, 0, 0) with position vector

T =0. The projection of the trajectory onto the xy-plane is shown. The

values of y and z increase linearly as a function of time, whereas x has a turning
point at t =5 s and 25 m, when it reverses direction. At this point, the x
component of the velocity becomes negative. At t = 10 s, the particle is back to 0
m in the x direction.

Significance

By graphing the trajectory of the particle, we can better understand its motion, given by the numerical results of
the kinematic equations.

4.2 Check Your Understanding Suppose the acceleration function has the form
A N N
a =ai+bj+ckm/ s2, where a, b, and ¢ are constants. What can be said about the functional form of

the velocity function?

Constant Acceleration

Multidimensional motion with constant acceleration can be treated the same way as shown in the previous chapter for
one-dimensional motion. Earlier we showed that three-dimensional motion is equivalent to three one-dimensional motions,
each along an axis perpendicular to the others. To develop the relevant equations in each direction, let’s consider the two-
dimensional problem of a particle moving in the xy plane with constant acceleration, ignoring the z-component for the
moment. The acceleration vector is

- A A
a =agp,l +aOyJ.

Each component of the motion has a separate set of equations similar to Equation 3.10-Equation 3.14 of the previous

chapter on one-dimensional motion. We show only the equations for position and velocity in the x- and y-directions. A
similar set of kinematic equations could be written for motion in the z-direction:
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x(#) = xg+ (Vi)avg ! (4.11)
vi(t) = vg, +axt (4.12)
x(f) = xg+ vou £ + %axtz (4.13)
v)zc(t) = v%x + 2a,(x — xg) (4.14)
YO =yo+(vyavg ! (4.15)
vy(t) = voy +ayt (4.16)

¥(6) = yo+ vyt + %ay 1? (4.17)

V(D) = v, + 2ay(y = yo)- (4.18)

Here the subscript 0 denotes the initial position or velocity. Equation 4.11 to Equation 4.18 can be substituted into
Equation 4.2 and Equation 4.5 without the z-component to obtain the position vector and velocity vector as a function
of time in two dimensions:

T @)= x(t),i\ + y(t)3 and V (1) = vx(t)li\ + vy(r)/j\.

The following example illustrates a practical use of the kinematic equations in two dimensions.

Example 4.6

A Skier

Figure 4.10 shows a skier moving with an acceleration of 2.1 m/s? down a slope of 15° at t = 0. With the
origin of the coordinate system at the front of the lodge, her initial position and velocity are

— A A

r (0)=(75.0i —50.0j)m
and

A A

Y (0)=@1i—1.1j)ms.

(a) What are the x- and y-components of the skier’s position and velocity as functions of time? (b) What are her
position and velocity at t = 10.0 s?
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Figure 4.10 A skier has an acceleration of 2.1 m/s? downa slope of 15°. The origin of the coordinate system is at
the ski lodge.

Strategy

Since we are evaluating the components of the motion equations in the x and y directions, we need to find the
components of the acceleration and put them into the kinematic equations. The components of the acceleration
are found by referring to the coordinate system in Figure 4.10. Then, by inserting the components of the initial
position and velocity into the motion equations, we can solve for her position and velocity at a later time .

Solution

(a) The origin of the coordinate system is at the top of the hill with y-axis vertically upward and the x-axis
horizontal. By looking at the trajectory of the skier, the x-component of the acceleration is positive and the
y-component is negative. Since the angle is 15° down the slope, we find

a; = (2.1 m/s?) cos(15°) = 2.0 m/s?
ay = (=2.1 m/s?)sin 15° = —0.54 m/s>.

Inserting the initial position and velocity into Equation 4.12 and Equation 4.13 for x, we have
X(0) = 75.0m + (4.1 m/s)t + 5.0 m/s?)e
vi(t) = 4.1 m/s + (2.0 m/s2)z.
For y, we have
y(£) = =50.0m + (= 1.1 m/s) + %(—0.54 m/s )
vy(t) = —1.1 m/s + (=0.54 m/s?)z.
(b) Now that we have the equations of motion for x and y as functions of time, we can evaluate them at t = 10.0 s:

x(10.0s) = 75.0m + (4.1 m/s?)(10.0's) + %(2.0 m/s%)(10.0s)% =216.0m

v(10.0s) = 4.1 m/s + (2.0 m/s2)(10.0s) = 24.1m/s
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1(10.0s) = =50.0 m + (=1.1 m/s)(10.0 s) + %(—0.54 m/s?)(10.0s)% = —88.0m
vy(10.08) = —1.1 m/s + (=0.54 m/s>)(10.0'5) = —6.5 m/s.

The position and velocity at t = 10.0 s are, finally,

A A
T (10.0s) = (216.0i —88.0j)m
A A
V (10.0s) = (24.1i — 6.5 j)m/s.
The magnitude of the velocity of the skier at 10.0 s is 25 m/s, which is 60 mi/h.
Significance

It is useful to know that, given the initial conditions of position, velocity, and acceleration of an object, we can
find the position, velocity, and acceleration at any later time.

With Equation 4.8 through Equation 4.10 we have completed the set of expressions for the position, velocity, and
acceleration of an object moving in two or three dimensions. If the trajectories of the objects look something like the “Red
Arrows” in the opening picture for the chapter, then the expressions for the position, velocity, and acceleration can be quite
complicated. In the sections to follow we examine two special cases of motion in two and three dimensions by looking at
projectile motion and circular motion.

At this University of Colorado Boulder website (https:/lopenstaxcollege.org/l/21phetmotladyb) ,
you can explore the position velocity and acceleration of a ladybug with an interactive simulation that allows you
to change these parameters.

4.3 | Projectile Motion

Learning Objectives

By the end of this section, you will be able to:

* Use one-dimensional motion in perpendicular directions to analyze projectile motion.

* Calculate the range, time of flight, and maximum height of a projectile that is launched and
impacts a flat, horizontal surface.

* Find the time of flight and impact velocity of a projectile that lands at a different height from that
of launch.

* Calculate the trajectory of a projectile.

Projectile motion is the motion of an object thrown or projected into the air, subject only to acceleration as a result of
gravity. The applications of projectile motion in physics and engineering are numerous. Some examples include meteors
as they enter Earth’s atmosphere, fireworks, and the motion of any ball in sports. Such objects are called projectiles and
their path is called a trajectory. The motion of falling objects as discussed in Motion Along a Straight Line is a simple
one-dimensional type of projectile motion in which there is no horizontal movement. In this section, we consider two-
dimensional projectile motion, and our treatment neglects the effects of air resistance.

The most important fact to remember here is that motions along perpendicular axes are independent and thus can be
analyzed separately. We discussed this fact in Displacement and Velocity Vectors, where we saw that vertical and
horizontal motions are independent. The key to analyzing two-dimensional projectile motion is to break it into two motions:
one along the horizontal axis and the other along the vertical. (This choice of axes is the most sensible because acceleration
resulting from gravity is vertical; thus, there is no acceleration along the horizontal axis when air resistance is negligible.)
As is customary, we call the horizontal axis the x-axis and the vertical axis the y-axis. It is not required that we use this
choice of axes; it is simply convenient in the case of gravitational acceleration. In other cases we may choose a different set

of axes. Figure 4.11 illustrates the notation for displacement, where we define S to be the total displacement, and X

and ? are its component vectors along the horizontal and vertical axes, respectively. The magnitudes of these vectors are
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